We show that for a given C*-algebra A and for any pair of Hilbert A-modules {{M, ., . }, N ⊆ M} every bounded A-linear mapping r : N → A can be continued to a bounded A-linear mapping r ′ : M → A so that (i) r = r ′ , (ii) r ′ restricted to N equals r and (iii) the extended mappings of N ′ form a Banach A-submodule of M ′ wherein the extensions {r ′ n : n ∈ N } of the standardly embedded mappings {r n = ., n : n ∈ N } ⊆ M ′ coincide with the latter, if and only if the multiplier C*-algebra M(A) of A is monotone complete, if and only if the multiplier C*-algebra M(A) of A is additively complete. In this case the restrictions of the extended mappings r ′ ∈ M ′ to N ⊥ ⊆ M equal zero automatically. This generalized Hahn-Banach theorem is valid for a particular pair {M, N ⊆ M} of Hilbert A-modules if and only if the bi-orthogonal complement N ⊥⊥ of the Hilbert A-submodule N taken with respect to the A-bidual Hilbert A-module {M ′′ , ., . } of M is a direct summand of M ′′ and the A-bidual Banach C*-modules N ′′ and (N ⊥⊥ ) ′′ coincide.
The goal of the present paper is the investigation of an analogue of the classical HahnBanach theorem for bounded module mappings on Hilbert C*-modules. The problem is non-trivial since Hilbert C*-submodules of Hilbert C*-modules are not direct summands, in general. Moreover, the property of a Hilbert C*-submodule N of a Hilbert C*-module M to be a direct orthogonal summand of it (i.e. M = N ⊕ N ⊥ ) sometimes depends on the choice of the C*-valued inner product on M, even if the derived norms are equivalent, [4] . The result of the present paper complements investigations of G. Vincent-Smith [17] , G. Wittstock [19, 20] , and P. S. Muhly and Qiyuan Na [13] in a partial case and gives an answer on this open question of the theory of Hilbert C*-modules. Moreover, one has to recognize that this kind of problems can not be solved for Banach C*-modules using only topological methods, in general, since one key role is played by the order structure of the positive cone of the underlying C*-algebra of coefficients. More precisely, there exists a counterexample due to E. E. Floydd [2] describing a commutative AW*-algebra for which there does not exist any (Hausdorff) topology with respect to which both the partial order structure of its positive cone and its linear structure are continuous at once. The solution for Hilbert C*-modules is to rely on orthogonality, C*-reflexivity and, previously, the standard isometric C*-linear embedding of them into their C*-dual Banach C*-modules. We are going to show the following criterion: By the way we obtain a partial result for particular pairs of a Hilbert C*-module and one of its Hilbert C*-submodules: The next section contains some definitions and facts from the literature. The second section is concerned with metric aspects of the proof, whereas the third section deals with the inner product aspects of it. The proof is divided into a number of propositions which are of independent interest. We end with some remarks on particular extensions of C*-valued functionals.
Theorem 1 For C*-algebras A the following conditions are equivalent: (i) A has the property (HB), i.e. for any pair of a Hilbert A-module and a Hilbert
To give an example in which way the generalized Hahn-Banach theorem can fail to work for Hilbert C*-modules consider a unital C*-algebra A and a non-trivial two-sided normclosed ideal I of it possessing a multiplier C*-algebra M(I) which is supposed to be bigger than A. Then I can be considered as a Hilbert A-submodule of the Hilbert A-module A equipped with the standard A-valued inner product of A. 
gives a concrete example of such a mapping which can not be continued to a bounded A-linear mapping on A. Nevertheless, the standard embedding i :
e.g. can be continued to the identical mapping on C([0, 1]) despite of the fact that it can not be realized as an element of I ֒→ I ′ .
Preliminaries
Standard sources of reference to Hilbert C*-module theory are the papers [14, 9, 3, 11, 12, 4] , chapters in [8, 18] and the book of E. C. Lance [10] . We make the convention that all C*-modules of the present paper are left modules by definition. A pre-Hilbert A-module over a C*-algebra A is an A-module M equipped with an A-valued mapping ., . : M × M → A which is A-linear in the first argument and has the properties:
x, y = y, x * , x, x ≥ 0 with equality iff x = 0 .
The mapping ., . is called the A-valued inner product on M. A pre-Hilbert A-module {M, ., . } is Hilbert if and only if it is complete with respect to the norm . = ., . 
A C*-algebra A is monotone complete if and only if every bounded increasingly directed net {a α : α ∈ I} of self-adjoint elements of it has a least upper bound a = sup{a α : α ∈ I} inside A. A C*-algebra is additively complete if every norm-bounded infinite sum of positive elements has a least upper bound inside A. For example, W*-algebras and commutative C*-algebras A = C(X) with stonean compact spaces X are monotone complete. 
As a proving technique we need a basic construction how to switch from a given Hilbert A-module M to a bigger Hilbert A * * -module M # preserving many useful properties and guaranteeing the existence and uniqueness of extended operators and A-(A * * -)valued inner products, (cf. H. Lin [11, Def. 1.3] , [14, §4] ). Let {M, ., . } be a left pre-Hilbert A-module over a fixed C*-algebra A. The algebraic tensor product A * * ⊗ M becomes a left A * * -module defining the action of A * * on its elementary tensors by the formula
on finite sums of elementary tensors one obtains a degenerate A * * -valued inner preproduct. Factorizing 
The metric aspects of the proof
We start with a simple observation about C*-reflexive Hilbert C*-modules which sheds some light on their special properties for C*-algebras of coefficients with property (HB): Proof: The first assertion turns out from the definition of C*-reflexivity: M has the orthogonal complement {0} inside L ⊆ M ′ by the uniqueness of the zero functional. If
The second assertion follows from the first one straightforwardly.
• The next step is to prove the first part of Theorem 2. We will do that characterizing some special geometric properties of isometric A-linear embeddings φ : N ′ → M ′ for pairs consisting of a Hilbert A-module {M, ., . } and its Hilbert A-submodule N ⊆ M over arbitrary C*-algebras A (if there exist any such embeddings φ, at all). , and the proposition turns out to be true if A is supposed to be a W*-algebra.
In the most general setting one turns to the bidual situation using the construction described in the first section: One switches from the two Hilbert A-modules N ⊆ M to their canonically derived Hilbert A * * -modules 
The inner product aspects of the proof
First, we show that the statement of Theorem 1 is fulfilled for C*-algebras A possessing a monotone complete multiplier C*-algebra M(A). This partially reproduces [20, Th. 4.1] for our setting. However, the restriction to the Banach C*-modules under consideration to possess a C*-valued inner product enlarges the class of well-behaved (in the sense of a Hahn-Banach theorem) coefficient C*-algebras beyond the injective ones. 
respectively. The property of Hilbert M(A)-submodules of M ′ to be a direct summand of M ′ and orthogonal complements are respected by this process. Consequently, the bi-orthogonal complement
•
To show the converse we should give some facts about A-reflexive Hilbert C*-modules over C*-algebras A with property (strong HB): Proof: Let {L, ., . L } be another Hilbert A-module containing M as a Banach A-submodule. Since A has the property (strong HB) and since M is A-reflexive the set identity M ≡ M ⊥⊥ holds inside L, cf. Proposition 2.1. Let x ∈ L. For the restriction of the Avalued bounded functional ., x L to M there exists another A-valued bounded functional r x ∈ L ′ with the properties that r x restricted to M ⊆ L coincides with ., x L and that r x restricted to M ⊥ ⊆ L equals the zero mapping. This follows again from the (strong HB) property of A. Now consider the self-dual Hilbert A * * -module (L # ) ′ which is constructed from L in a canonical way. The two bounded A-linear functionals ., x L and r x can be continued to elements of (L # ) ′ . The lifting of the A-valued inner product on L to an A * * -valued inner product on (L # ) ′ is defined on them and gives the equality r
Consequently, the A-valued inner product on M can be continued to an A-valued inner product on the Banach A-submodule of M ′ which is generated by M and r x . By Proposition 2.1 the assumption r x ∈ M ֒→ M ′ leads to a contradiction. Resuming: For every element x ∈ L there exists an element r x ∈ M ⊆ L so that the orthogonal decomposition x = r x ⊕ (x − r x ) holds inside L. Hence, M is a direct summand of L, and M is orthogonally complementary as a 
Final remarks
In addition, we want to explain another equivalent condition to the assertions of Theorem 1 which is much more technical. By the way one gets an idea how particular mappings r ∈ N ′ can be isometrically extended to mappings r ′ ∈ M ′ failing to be zero on N ⊥ ⊆ M: 
